Fault- Tolerant Exact State Transmission 
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We show that a category of one-dimensional XY-type models may enable high-fidelity quantum 
state transmissions, regardless of details of coupling configurations. This observation leads to a fault- 
tolerant design of a state transmission setup. The setup is fault-tolerant, with specified thresholds, 
against engineering failures of coupling configurations, fabrication imperfections or defects, and even 
time-dependent noises. We propose the implementation of the fault-tolerant scheme using hard-core 
bosons in one-dimensional optical lattices. 
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Introduction. — Quantum devices require fault tolerant 
designs to tackle fabrication defects and environmental 
impacts, as exemplified by the fault-tolerant quantum 
computer. One of such quantum devices is a physical 
setup that reliably transmits a quantum state from one 
location to another. The quantum state transmission 
(QST) may be made through spin chains, or by ultra- 
cold atoms in one-dimensional (ID) optical lattices [IH3- 
The quality of a QST depends on the coupling configu- 
rations, i. e., the coupling or tunneling constants Jis+i 
as a function of site index i. It has been demonstrated 
that a QST cannot be achieved with perfect fidelity in 
a uniform spin chain with XY spin couplings, except for 
two cases where individual couplings are specially engi- 
neered: perfect state transfer (PST) Q and high-fidelit 
state transfer using weakly coupled external qubits 0, 
The fidelity of the latter can be achieved with arbitrary 
precision. It has been widely believed that most config- 
urations do not enable high-fidelity QSTs 0, [§] . 

This letter carefully examines diverse coupling config- 
urations. To our surprise, the fidelity of QST is hardly 
determined by details but rather on the general archi- 
tecture of Ji.i+i. Most configurations with larger val- 
ues of Ji,i-\-\ in middle sites of the chains work equally 
well. In other words, having the particular configura- 
tions, smaller on the ends and bigger in the middle, is 
crucial for enabling high-fidelity state transmission, re- 
gardless of specific details of the couplings. We find that 
the fidelity is fault-tolerant against random perturbations 
to coupling constants and site energies due to the fabri- 
cation processes. We also take into account the time- 
dependent random noise, which simulates the noisy ef- 
fects due to environmental variables. Significantly, we 
show that the quantum states transmissions are hardly 
influenced by the time-dependent noise. We then spec- 
ify the fault-tolerant thresholds for these failures, defects 



and noises. This observation leads to a fault-tolerant de- 
sign of state transmission setup, which is robust against 
engineering failures in the coupling configurations, fabri- 
cation imperfections or defects, and even time-dependent 
noise. Unlike the strategy in fault-tolerant quantum com- 
puter, our proposal does not require dynamical control 
and relies only on natures of the setup. It is a self- 
protected quantum device. 

We suggest that this setup could be realized experi- 
mentally by means of ultracold bosons in ID optical lat- 
tices, as in the hard-core limit this system can be mapped 
into an effective spin ±1/2 XY model 12j. This sys- 



tem could be engineered by using the standard optical 
lattice technology and additional laser beams for tuning 
the couplings Jj^+i individually. It might be more fea- 
sible to use the spatial light modulator technology, that 
in principle allows to create arbitrary potentials and cou- 
plings for ultracold atoms and could be used to 
design specific coupling configurations. The fault toler- 
ance ensures high-fidelity QST in presence of engineering 
failures, fabrication imperfections or defects, and noise. 

The Model and method. — Consider a spin chain de- 
scribed by a Hamiltonian with couplings J%,i+i between 
sites i and i + 1, 
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where we allow Jis+i to be arbitrary. The conventional 
XY model is a special case when Jj,j+i = constant. 
Xi,Yi are the Pauli matrices acting on spin i. N is the 
size of the spin chain. Throughout the paper we use 
N = 130 to numerically demonstrate our general results, 
which are almost size-independent. We consider an open 
chain of N spins or two-level systems. -ff s ite is the on-site 
potential and will be specified in our later discussions. 
The z-component of the total spin or magnon is con- 



2 



served. The model is the hard-core boson limit of the 
Bose-Hubbard Hamiltonian as discussed later. 

In quantum information theory, quantum state trans- 
fer often refers to transferring an unknown state, which 
is written as |<^(0)) =a |0) + /3 |1) and is initially in the 
first spin of the chain. Here |0) and |1) correspond to 
spin down and up state, respectively. The state \4>{0)) 
is transferred to the other end as a result of free spin 
evolution. The fidelity of quantum state transfer is 

/ = \a\ 2 + \f3\ 2 ~F, where F is the fidelity of trans- 
mitting a known state |1) from the first spin to the last. 
When F = 1, the transmission is exact Q ■ Normally, F is 
considerably smaller than /. For instance, a near-perfect 
state transfer / = 0.97 for the state with |/3| 2 = 1/2 only 
requires F = 0.9. We will therefore focus on the fidelity, 
F, of known state transmissions as discussed in 

The Hamiltonian can be numerically diagonalized, 
specifically H = WHdW^, where Hd is diagonal. The 
propagator of the Hamiltonian is therefore U(t) = 
e -iHt _ We~ lHdt W^ . With this propagator, we can 
simulate the time evolution of quantum states for var- 
ious coupling configurations. 

Fault-tolerant QST: configurations. — We first consider 
a configuration in our model, where Ji,2 = Jn—i,n = Jo 
and Ji,i+i = J elsewhere. We term this configuration as 
the weak-coupling limit and symbolize the couplings as 
J w (i). Fig. Q] plots the contour fidelity as a function of 
time and the ratio Jo / J. It shows that one can reach a 
maximal fidelity at specific times, and that it decreases 
with Jo/ J. This indicates that weaker couplings at the 
two ends are in favour of the exact state transmission 
and quantum state transfer. For example, F m&x = 0.95 
when Jo = 0.05 J. Cautious analysis shows that the up- 
per bound for F max > 0.9 is Jo = 3J/20, which is set as 
a threshold for quantum state transfer (/ could be 0.97). 
The numerical treatment is consistent with the explana- 
tions by perturbation theory as in ref. [8|]. On the other 
hand, the time £mf, when the first maximum fidelity ap- 
pears, decreases with Jo/ J, which can be roughly char- 
acterized by £mf oc 1 / Jo • 

We now study the effects of different coupling configu- 
rations in the regions of the two ends, as arranged in Fig. 
EJa), e.g., Ji, 2 = J23 = Jn-X,N = Jo and J M+ i = J 
elsewhere in case 3. We compare the fidelities of the first 
four configurations in Fig. [U (b), where Jo/ J = 0.05. 
Configurations 1, 2 and 4 possesses the mirror reflection 
symmetry with respect to the centre of the chain, while 
configuration 3 does not. The state transmissions work 
equally well for symmetric configurations. The maximum 
fidelities do not vary for different configurations, though 
they oscillate drastically with increase of the numbers of 
Jo's. On the contrary, the fidelity -F max = 0.28 in the 
asymmetric configuration is very low. 

From the experimental point of view, it may be easier 
to implement QSTs if sender's and receiver's sites are 
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FIG. 1. (Color online) The contour fidelity as a function of 
time t and Jo/ J, where J = 1.0, Ji,2 = Jn-i,n = Jo- 




FIG. 2. (Color online) (a) The configurations of coupling 
constants, (b) The fidelity as a function of time t for cases 
1-4, where J = 1.0, Jo = 0.05J. (c) The fidelity as a function 
of time t for cases 5 and 6, with the same parameters as in 
(b). 



not at the ends but inside the chain. Fig. (5Jc) plots the 
fidelity vs. time when the sender is at the fourth site and 
the receiver is at site TV— 3, with symmetric configuration. 
Two symmetric configurations 5 and 6 in Fig. Etc) are 
compared. It shows that if both sides of the sender and 
receiver attach their nearest neighbours weakly, the exact 
state transmission can be made. It is interesting to note 
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that case 5 with one Jo is much worse than case 6 with 
two Jo- The reason is that the transmission processes 
to two directions (right and left) such that the strength 
of the transmission along one of directions is weakened. 
This is verified by our numerical calculations. 

Fault-tolerant QST: different types of J. — We now 
focus on the effects of Jj^+i as different types of func- 
tions of sites i. We have considered many types of 
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FIG. 3. (Color online) (a) Coupling functions Jj,i+i. (b) 
Corresponding fidelities as a function of time t for different 
Ji,i+i ■ (c) The contour fidelity as a function as time t and 9 for 
the interpolation Ji,i+i = 2 sin 6 Jy i(N — i) /N + cos 6 J™ (i), 
where 6 is a parameter for the interpolation. 

analytical functions Jj^+i, including triangle J^j+i = 
(2 J/N)mm(i, N — i); parabola Ji t i+i = — 0.95J(i — 
N/2f/{l-N/2) 2 + J- exponent J i;i +i = Jexp[ln0.05(i- 
N/2f/{l - N/2) 2 ]; PST J M+1 = 2y/(i(N - i))/N; and 
trapezia Jj,i+i = 1.0 (when i = 26, 27, ..104), min(i, N — 
i)/26 when i — otherwise. These functions are renormal- 
ized such that they have the same maximal values. Fig. 
131(b) shows that all functions yield excellent fidelities, 
even in the worst case, F max w 0.94, with / max 0.985 
when a — P — l/y/2. It is clear that an interpolation 



between two analytical functions will work equally well, 
exemplified as follows. 

Both the weak coupling limit, J w (i), and the PST con- 
figurations lead to exact state transmissions with F^x 
1 .0, We now study a type of interpolations between the 
two limits, defined by J»,i+i = 2sm9J^i(N — i)/N + 
cos 9 J w (i). Fig. [3ljc) plots the time evolution of the con- 
tour fidelity for different parameter 9.9 = and tt/2 are 
for the two limits respectively, where exact state trans- 
missions can be achieved. As expected, the maximum 
fidelity remains high for all values of 9. 

Fault-tolerant QST against fabrication defects and dy- 
namic noises. — The random defects in fabrication is un- 
avoidable, therefore it is crucial to have fault-tolerant 
mechanism for QSTs to confront these imperfections [Toj . 
We characterize the randomness with J + 7rand(i) for 
couplings J and if S itc = e£i rand (i) for the on-site en- 
ergies, where 7, e are the magnitude of the random func- 
tions in [1, — 1], Our simulation shows that J/10 is the 
upper bound for 7, below which the QST is almost per- 
fect for both the weak coupling and PST configurations 
as well as interpolations. 

The random defects discussed above originate from the 
fabrication processes. Once formed, they will not change 
with time. However, it is much more important to con- 
sider time-dependent random noises from environments 
of our QST setup. Our numerical scheme allows us to 
model the noise and numerically calculate its influence. 
We assume that the coupling constant Jj^+i is perturbed 
by 7/rand(i), where the random function rand(i) is fixed 
in short time interval r. The function rand(i) is ran- 
domly different for each time interval r(= 0.1 in this 
paper). In the time interval from to r, the evolution 
operator is U(t) = cxp(— iHr) = W exp(— iHdr)W^ . 
In the next short time interval r, the Hamiltonian is 
changed to H' and therefore H' d . Consequently, the to- 
tal evolution operator in time interval [0, 2r] is U (2r) = 
W e^{-iH' d T)W'^W ey^{^iH dT )W^ . Continuing with 
the same procedure, we can numerically simulate U(nr) 
with arbitrary step n. 

This numerical method helps to exactly simulate the 
time-dependent random noise embedded in quantum 
state transfer. Fig. [4] shows the threshold with which 
the QST works equally well. The upper bound of 7 and 
e may be J/10 (even bigger for the PST configuration), 
though the inhomogeneous broadening in on-site energies 
ruins QSTs slightly more, in particular for the weak cou- 
pling limit. It is interesting to note that the thresholds 
are the same for both time dependent noise and time- 
independent random defects. 

To understand this fault-tolerance behaviour, we can 
break the QST into three stages: (1) sender qubit emits 
its spin excitation into the spin chain in a timescale 
~ Jq ; (2) the excitation propagates in the spin chain 
channel towards the receiver qubit with propagation time 
determined by the spin-wave dispersion; (3) receiver 
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qubit absorbs the spin excitation. The second stage is af- 
fected by the time-independent random defects and time- 
dependent noise, but they both conserve the spin excita- 
tion number in the spin chain. Thus, the spin excitation 
emitted by the sender can still reach the receiver side in 
the presence of defects or noises as long as the disorders 
are not strong enough to change the spin excitation from 
extended modes to localized modes. 
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FIG. 4. (Color online) The fidelity as a function of time t 
for time-independent noise, (a) Weak coupling limit with 
couplings perturbed by noise, (b) weak coupling limit with 
on-site noise, (c) PST with couplings perturbed by noise, (d) 
PST with on-site noise. 

An experimental proposal. — Let us now consider a 
specific experimental implementation by means of single- 
species ultracold bosons in a ID tight-binding optical 
lattice An optical lattice can be created by us- 

ing a retroreflected laser beam of wavelength A, and 
is described by a potential V(x) = sEjism 2 (kx), with 
k = 2ir/\ and the recoil energy Er = h 2 k 2 /2m. The 
bosons are also subjected to a transverse confinement 
providing the ID geometry. In the tight-binding regime 
this system is described by the following Bose-Hubbard 
Hamiltonian 
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i+ i+h.c. +— y^ y nj (hj - 1) , (2) 



with a uniform tunneling rate, J/Er = 
(4/V^)s - 75 exp(-2.07v/i) 0. In the hard boson 
limit, U 3> J, one can consider states with at most 
one boson per site and use the presence/absence of a 
boson at a site to encode a quibit. The last term in @ 
vanishes. In this regime the Hamiltonian can be cast in 
the form of the XY model in ([1]) [12j |. Next one may 
tune the couplings J individually by focusing additional 
laser beams perpendicular to the lattice direction in 
correspondence of single sites. For sufficiently high 
intensities it is possible to create box-like barriers [13j . 



While this technique can create uniform couplings J 
perfectly, the precise control of individual couplings, 
such as lattice ends or sites with a different coupling 
constant Jo, may be experimentally challenging. The 
major fault could happen when one uses the transverse 
lasers to address specific sites and locks these lasers in 
position, which may be tolerated in our scheme. On 
the other hand, a more promising technique is provided 
by the spatial light modulator (SLM) technology, that 
in principle allows to design arbitrary potentials for 
ultracold atoms 15l4l7|. and could be used to create 
one of our coupling configurations: smaller on the ends 
and bigger in the middle. This is a technique that is 
widely used for biological applications (see e. g. [3| and 
references therein) and that is becoming to be available 
in experiments with ultra cold atoms. In addition, both 
techniques are subject to noises, e. g., from background 
gas, which could be tolerated in our design. 

Conclusions. — We have demonstrated high-fidelity 
QST for a variety of coupling configurations. Besides 
the two perfect state transfer schemes, the PST and 
the weak coupling, most symmetric configurations with 
larger values of Ji,;+i in middle sites of the chains works 
equally well. We have found thresholds for enabling high- 
fidelity QSTs with manufacturing imperfections and even 
in noise channels. We have also proposed a specific ex- 
perimental implementation with hard-core boson in fD 
optical lattices, designed by means of the current optical 
lattice technology or by using spatial light modulators. 
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